Abstract. From the product of two elliptic curves, Shioda and Inose [6] constructed an elliptic K3 surface having two II * fibers. Its Mordell-Weil lattice structure depends on the morphisms between the two elliptic curves. In this paper, we give a method of writing down generators of the Mordell-Weil lattice of such elliptic surfaces when two elliptic curves are 3-isogenous. In particular, we obtain a basis of the Mordell-Weil lattice for the singular K3 surfaces X [3, 3, 3] , X [3, 2, 3] and X [3, 0, 3] .
Introduction
In the study of the geometry, arithmetic and moduli of K3 surfaces, elliptic K3 surfaces with large Picard number play a vital role. In 1977 Shioda and Inose [6] gave a classification of singular K3 surfaces, that is, K3 surfaces with maximum Picard number. For this purpose, they constructed elliptic K3 surfaces E with two singular fibers of type II * starting from the Kummer surface Km(E 1 × E 2 ) with the product of two elliptic curves E 1 and E 2 . They constructed E as a double cover of Km(E 1 × E 2 ) with certain properties (now called a Shioda-Inose structure). Later, Inose [1] gave an explicit model of such an elliptic K3 surface as a quartic surface in P 3 , and remarked that it is the quotient of Km(E 1 × E 2 ) by an involution. We call the Kodaira-Néron model of E the Inose surface associated with E 1 and E 2 , and denote it by Ino(E 1 , E 2 ). We thus have a "Kummer sandwich" diagram:
(cf. [7] ). Also, E as an elliptic surface with two II * fibers is denoted by F
E1,E2 . This notation reflects that it is a part of the construction of elliptic K3 surfaces of high rank by the first named author [4] , where he constructed F (n) E1,E2 , n = 1, . . . , 6, which has various Mordell-Weil rank up to 18.
The structure of the Mordell-Weil lattice of F
E1,E2 is known to be isomorphic to Hom(E 1 , E 2 ) 2 if E 1 and E 2 are nonisomorphic (see [8] ). Here, for a lattice L, we denote by L n the lattice structure on L with the pairing multiplied by n. However, given an isogeny ϕ ∈ Hom(E 1 , E 2 ) and the Weierstrass equation of F (1) E1,E2 , it is quite difficult to write down the coordinates of the section corresponding to ϕ, and it has been worked out only in limited cases (cf. [9] , [2] ). Most known examples fall into the case where the degree of isogeny ϕ equals 2, in which case the calculations are straight forward. One particular example of the case deg ϕ = 4 is dealt in [2, Example 9.2] . In this paper we consider a family of the pairs of elliptic curves E 1 and E 2 with an isogeny ϕ : E 1 → E 2 of degree 3 defined over k. We write down a formula of the section of F (1) E1,E2 coming from ϕ defined over the base field k. To do so, we first work with the surface F be viewed as a family of cubic curves with a rational point over k. We modify the method in [2] to find sections of F (1) E1,E2 . We also give a section of F (2) E1,E2 coming from the isogeny ϕ, and give a basis defined over the field k(E 1 [2] , E 2 [2] ) when E 1 and E 2 do not have a complex multiplication.
In §7 we study some examples of singular K3 surfaces in detail. In particular, we determine a basis of the MWL of the Inose surface F (1) E1,E2 and that of F (2) E1,E2
for the singular K3 surfaces X [3, 3, 3] , X [3, 2, 3] and X [3, 0, 3] which correspond to the quadratic forms 3x 2 + 3xy + 3y 2 , 3x 2 + 2xy + 3y 2 , and 3x 2 + 3y 2 respectively.
This Jacobian fibration has two reducible fibers of type II * at s = 0 and s = ∞.
Definition 2.1 (cf. [2] ). The Kodaira-Néron model of the elliptic surface F
over k defined by (2.2) is called the Inose surface associated with E 1 and E 2 , and it is denoted by Ino(E 1 , E 2 ).
Remark 2.2. Over a certain extension of k, the equation of F
E1,E2 may be given by
where
E1,E2 . However, the isomorphism between (2.1) and (2.3) for n = 2 may not be defined over k itself.
Mordell-Weil lattice of the Inose surface
In this section we give a summary of known facts on the Mordell-Weil lattice of F (1) E1,E2 overk(s). Here, j i = j(E i ), i = 1, 2, are the j-invariants, and h is the rank of Homk(E 1 , E 2 ).
j-invariants
singular fibers Mordell-Weil rank
E1,E2 (Q(s)) is torsion-free, and isomorphic to the lattice Homk(E 1 , E 2 ) 2 , where the pairing of Homk(E 1 , E 2 ) is given by
Remark 3.2. The notation n means that the paring of the lattice is multiplied by n.
3-isogenies of elliptic curves
We recall some general facts on 3-isogenies between elliptic curves following J. Top [10, §3] .
Lemma 4.1. Let E be an elliptic curve over a number field k, and G ⊂ E(k) a subgroup of order three that is stable under the action of Gal(k/k). Then, the pair of E and G is one of the following:
Proof. E can be given by an equation of the form y 2 = f (x) with deg f = 3. Then, G consists of three points O = (0 : 1 : 0), P = (α, β), and 2P = −P = (α, −β) with β = 0. Since G is Galois invariant, we have α ∈ k and β 2 ∈ k. Replacing x by x + α if necessary, we may assume α = 0. The curve is now given by an equation
The tangent line at P is given by 
If E is given by y
2 − 27d, and the quotient map ϕ : E → E/G is given by
In this case E and E/G are isomorphic overk, and the j-invariants are equal to 0. If E is given by E : y
and P = (0, b √ a), then the quotient E/G is given by
The isogeny ϕ : E → E/G is given by ϕ(x 1 , y 1 ) = (ϕ x (x 1 ), ϕ y (x 1 )y 1 ), where
5.
The rational section of F
E1,E2 arising from a 3-isogeny In this section, we assume E 1 and E 2 are 3-isogenous over k, and we find an explicit section of F (1) E1,E2 . In the case where the j-invariants of both E 1 and E 2 are equal to 0, the MordellWeil group F (1) E1,E2 (k(s)) is trivial by Theorem 3.1, and we have nothing to do. As for the second case in §4, suppose that E 1 and E 2 are given by
where a, b ∈ k, a ′ = −3a, and b ′ = (4a + 27b)/9. We work with the cubic curve over k(u) in P 2 = {(x 1 : x 2 : z)} given by
E1,E2 with the choice of origin O = (1 : u 2 : 0). Its Weierstrass equation is given by
The change of coordinates are given by
Remark 5.1. The origin O in our case is not an inflection point of the cubic curve C u . Thus, three collinear points P , Q, R ∈ C u do not satisfy the equation P +Q+R = O under the group law. Instead, we have P + Q + R = O, where O is the third point of intersection between C u and the tangent line at O.
E1,E2 is obtained as the quotient of (5.3) by the automorphism (X, Y, u) → (X, Y, −ωu), where ω is a third root of unity. It should be noted that the automorphism (x 1 : x 2 : z), u → (x 1 : x 2 : z), −ωu on C u does not correspond to this automorphism since the quotient by the latter gives a rational surface.
Replacing x 2 in (5.2) by ϕ x (x 1 ) given by (4.1) , we obtain
Define two homogeneous polynomials in x 1 , z by 
, and is tangent to the line T of C u at the origin O (see Figure 1) .
The tangent line T is given by
The condition that T is tangent to Q + is obtained as follows. Regard q + (x 1 , x 2 , z) and l(x 1 , x 2 , z) as polynomials in x 2 , and compute the remainder of q 
We then obtain a system of five homogeneous linear equations in c 1 , . . . , c 6 . It is easy to solve this system to find a conic Q + . By Bézout's theorem, the intersection Q + and C u consists of six points counting multiplicity. It is not difficult to find the sixth point Q + 4 , but the result is rather complicated to show here.
Similarly, we obtain Q − 4 starting from the divisor D
The height of its pre-image in F
(1)
Proof. Since D E1,E2 (k(u)). We show that the k(u)-rational point P 
z). This implies that the divisor class [Q
E1,E2 (k(u)) can be identified with Pic 
is invariant under σ 4 . We thus conclude that P + ϕ −P − ϕ is invariant under the automorphism σ = σ 3 •σ 4 . The calculation of the height is the same as in [8] .
We denote by P (1)
E1,E2 (k(s)). Carrying out calculations according to the above recipe, we obtain the coordinates of P (1) ϕ as follows:
where S = 9 2
Rational sections of F (2) E1,E2
Next, we consider the Mordell-Weil lattice F
E1,E2 . We use the same notation as the previous section.
Let α 1 , α 2 , α 3 be the three roots of x
Since ϕ is an isogeny of odd degree, (β i , 0) are the 2-torsion points of E 2 . Thus, we have k( α 2 , α 3 ), which we denote by k 2 for short.
Let R ij be the point (α i : β j : 1) in C u . The quotient of C u by the action u → ωu is nothing but the model of Kummer surface (2.1). 
In case Homk(E 1 , E 2 ) = 0, it is known (cf. [2, Prop. 3.3]) that, by taking R 11 as the origin, F (2) E1,E2 (k(t)) is generated by R 22 , R 33 , R 23 , R 32 , and is isomorphic to the lattice A * 2 2 . Recall that the origin O in C u is (x 1 : x 2 : z) = (1 : u 2 : 0). Let O ω and O ω 2 be the points in C u defined by 1 : (ωu) 2 : 0 and 1 : (ω 2 u) 2 : 0 respectively. Clearly, the action u → ωu induces a cyclic permutation O → O ω → O ω 2 . Thus, the divisor O+O ω +O ω 2 is invariant under this action. Let q(x 1 , x 2 , z) be the quadratic form in (5.5) and l(x 1 , x 2 , z) the linear form in (5.6). Consider the function f = q(x1,x2,z) z l(x1,x2,z) .
The divisor of this function is div(f ) = D
where O is the third point of intersection between C u and the tangent line at O. Let P O be the section in F
ϕ is invariant under the action u → ωu, the section P + ϕ − P O is also invariant under this action. This implies that P E1,E2 (k(t)). Proof. Since E 1 ∼ E 2 , but they do not have complex multiplication, we have rank Homk(E 1 , E 2 ) = 1, and we are in case (ii) of Lemma 4.1. By straightforward calculations, we have Its determinant is 2 4 /3, which equals 2 4 /3 2 times det Homk(E 1 , E 2 ) = 3. Thus,
E1,E2 (k(t)). Remark 6.3. The height paring of given two rational points is easily computed by the height formula in [3] .
Singular K3 surfaces
A complex K3 surface whose Picard number equals the maximum possible number 20 is called a singular K3 surface. Shioda and Inose showed that a complex singular K3 surface is isomorphic to an Inose surface Ino(E 1 , E 2 ) for some elliptic curves E 1 and E 2 that have complex multiplication and are isogenous to each other.
Theorem 7.1 ([6]). There is a one-to-one correspondence between the set of isomorphism classes of complex singular K3 surfaces and the set of equivalence classes of positive-definite even integral lattices of rank 2 with respect to SL 2 (Z):
singular K3 surfaces over Q / isom.
which associates a singular K3 surface X with its transcendental lattice T X .
In fact, a singular K3 surface corresponding to the lattice Q = 2a b b 2c is constructed as follows. Let E 1 and E 2 be the complex elliptic curves C/Z ⊕ τ 1 Z and C/Z ⊕ τ 2 Z, respectively, where
Then, the Inose surface Ino(E 1 , E 2 ) is a singular K3 surface corresponding to Q, which is often denoted by X [a,b,c] .
In the following, we study in detail the Mordell-Weil group of F (1) and F (2) for X [3, 3, 3] , X [3, 2, 3] , and X [3, 0, 3] 7.1. The singular K3 surface X [3, 3, 3] . The transcendental lattice of the singular K3 surface X [3, 3, 3] is given by the matrix 6 3 3 6 .
Then, elliptic curves E 1 and E 2 are given by
where ω =
. Their j-invariants are given by j(E 1 ) = 0, j(E 2 ) = −1288000, and we take the following Weierstrass forms of them:
This is nothing but the case a = 6, b = −1 in (5.1). Then, F
E1,E2 is given by
after rescaling X and Y . In this case, F
E1,E2 itself has complex multiplication by ω. There are two 3-isogenies from E 1 to E 2 . One is the 3-isogeny ϕ in §4. We denote it by ϕ 1 . The other, denoted by ϕ 2 , is a composite of ϕ 1 and multiplication by ω on E 2 . They are given by
These isogenies form a basis of the lattice Hom Q (E 1 , E 2 ) whose Gram matrix is
given by 1 2 6 3 3 6 . The isogeny ϕ 1 yields a Q-rational section P
s , its coordinates are given by
The height matrix with respect to sections P . Thus, by Theorem 3.1, these sections form a basis of the Mordell-
E1,E2 (Q(t)). The explicit formula for the sections P (2) ϕ , R 22 , R 33 , R 23 , R 32 described in Theorem 6.2 are as follows:
where T − = t − 3/t, and T + = t + 3/t. The height matrix with respect to P 
E1,E2 (Q(t)) by Theorem 6.1.
7.2.
The singular K3 surface X [3, 2, 3] . The transcendental lattice of the singular K3 surface X [3, 2, 3] is given by the matrix 6 2 2 6 .
Then, elliptic curves E 1 and E 2 are given by C/Z ⊕ τ 1 Z and C/Z ⊕ τ 2 Z, where
The j-invariants of E 1 and E 2 are given by
We thus work on the base field k = Q( √ 2). We choose E 1 and E 2 such that their Weierstrass forms are given by
They are so-called Q-curves; they are Galois conjugates and isogenous to each other.
, and let H = kK = Q( √ 2, √ −2) be the Hilbert class field of K. They admit two isogenies ϕ 1 , ϕ 2 : E 1 → E 2 of degree 3 defined over H given by
The isogeny ϕ i yields a H-rational section P + ϕi of F
E1,E2 for i = 1, 2. Letφ i : E 2 → E 1 be the dual isogeny of ϕ i for i = 1, 2. The endomorphismŝ ϕ 2 • ϕ 1 andφ 1 • ϕ 2 correspond to the complex multiplication of E 1 by 1 ± 2 √ −2. The surface F (6) E1,E2 is defined over k and given by
By letting
With this model, the X-coordinate of the section P
E1,E2 (see §5) is given by
where The Y -coordinate can be obtained easily, but it is rather complicated and we do not include here. The section P (1) ϕ2 is the image of P (1) ϕ1 under the complex conjugate √ −1 → − √ −1. As in the previous example, the height matrix with respect to the sections P
ϕ1 and P (1) ϕ2 is given by 6 2 2 6 , and they form a basis of the
Then, all the 2-torsion points of E 1 and E 2 are defined over L, and thus, the field of definition of F
. The X-coordinate of the section P
ϕ1 is given by
ϕ2 is also the image of P (2) ϕ1 by the complex conjugate √ −1 → − √ −1. The explicit formula for the sections R 22 described in Theorem 6.2 is
Let σ ∈ Gal(L/Q) be the automorphism given by 1 − √ 2 → − 1 − √ 2, and γ the complex conjugate √ −1 → √ −1. Then, we have
The height matrix with respect to P (2)
ϕ2 , R 22 , R 33 , R 23 and R 32 is given by
, and we can see that the above sections generate F (2) E1,E2 (k(t)) as in the previous example. 7.3. The singular K3 surface X [3, 0, 3] . The transcendental lattice of the singular K3 surface X [3, 0, 3] is given by the matrix 6 0 0 6 .
In this case, the complex elliptic curves E 1 /C and E 2 /C are given by
Their j-invariants are given by j(E 1 ) = 76771008 + 44330496 √ 3, j(E 2 ) = 1728.
We work with the base field k = Q( √ 3), and we take the following Weierstrass forms, which corresponds to the formula (5.1) with a = 9 ( The curves E 1 and E 2 are isogenous with complex multiplication by Q( √ −1), and there are two 3-isogenies from E 1 to E 2 . One is obtained by a coordinate changes of the 3-isogeny ϕ in §4. We denote it by ϕ 1 . The other, denoted by ϕ 2 , is a composite of ϕ 1 and the complex multiplication [ √ −1] on E 2 . With our equation of E 2 , the multiplication-by-√ −1 map on E 2 is given by (x 2 , y 2 ) → (−x 2 +36+18 √ 3, √ −1y 2 ). The 3-isogenies ϕ 1 , ϕ 2 are given by .
Over the base field k, the equation of F
E1,E2 is given by Using the method described in §5, the section P If we write P 
ϕ1 and P (1) ϕ2 is given by 6 0 0 6 , and they form a basis of F
E1,E2 (k(s)) = F
E1,E2 (Q( √ 3, √ −1)(s)).
Next, we consider F
E1,E2 (k(t)). The field of definition of 2-torsion subgroups E 1 [2] and E 2 [2] is Q( 3 + 2 √ 3). In order to compute generators of F
E1,E2 (k(t)), we need to work with the field L = Q 3 + 2 √ 3, √ −1 .
